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NON-DISSIPATIVE ELECTROMAGNETIC MEDIUM WITH A
DOUBLE LIGHT CONE
MATIAS F. DAHL
Abstract. We study Maxwell’s equations on a 4-manifold where the elec-
tromagnetic medium is modelled by an antisymmetric
(2
2
)
-tensor with real
coefficients. In this setting the Fresnel surface is a fourth order polynomial
surface in each cotangent space that acts as a generalisation of the light cone
determined by a Lorentz metric; the Fresnel surface parameterises electromag-
netic wave-speeds as a function of direction. The contribution of this paper is
a pointwise description of all electromagnetic medium tensors that satisfy the
following conditions:
(i) κ is invertible,
(ii) κ is skewon-free,
(iii) κ is birefringent, that is, the Fresnel surface of κ is the union of two
distinct light cones.
We show that there are only three classes of mediums with these properties
and give explicit expressions in local coordinates for each class.
We will study the pre-metric Maxwell’s equations. In this setting Maxwell’s equa-
tions are written on a 4-manifold N and the electromagnetic medium is described
by an antisymmetric
(
2
2
)
-tensor κ on N . Then the electromagnetic medium κ
determines a fourth order polynomial surface in each cotangent space called the
Fresnel surface F and it acts as a generalisation of the light cone determined by
a Lorentz metric; the Fresnel surface parameterises wave-speeds as a function of
direction [Rub02, HO03, PSW09]. At each point in spacetime N , the electromag-
netic medium depends, in general, on 36 free components. In this work we assume
that the medium is skewon-free. Then there are only 21 free components and such
medium describe non-dissipative medium. For example, in skewon-free medium
Poynting’s theorem holds under suitable assumptions.
The above means that in the pre-metric setting we have two descriptions of elec-
tromagnetic medium: First, we have the
(
2
2
)
-tensor κ that contains the coefficients
in Maxwell’s equations. On the other hand, we also have the Fresnel surface F ,
which describes the behaviour of a wavespeed for a propagating electromagnetic
wave. If κ is known we can always compute F by an explicit equation (see equa-
tion (10)). A more challenging question is to understand the converse dependence,
or inverse problem: If the Fresnel surface F |p is known for some p ∈ N , what can
we say about κ|p? Essentially this asks that if the behaviour of wave speed for
an electromagnetic medium is known, what can we say about the medium? These
questions are of theoretical interest, but also of practical interest as they relate to
understanding measured data in engineering applications like traveltime tomogra-
phy in anisotropic medium. We will here only study the problem at a point p ∈ N
since the dependence will never be unique. For example, the Fresnel surface F is
always invariant under scalings and inversions of κ [HO03, Dah11a]. In general,
these are not the only invariances, and for a general κ the relation between κ and
F does not seem to be very well understood.
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A natural first task is to characterise those mediums κ for which the Fresnel surface
F is the light cone of a Lorentz metric g. This question was raised in [OH99,
OFR00]. A partial solution was given in [OFR00], and (in skewon-free mediums
with real coefficients) the complete solution was given in [FB11]. The result is that
if the Fresnel surface is a light cone, then κ is necessarily proportional to a Hodge
star operator (plus, possibly, an axion component proportional to the identity). For
an alternative proof, see [Dah11a], and for related results, see [OR02, LH04, Iti05].
The main contribution of this paper is Theorem 2.1. It gives a pointwise charac-
terisation of all electromagnetic medium tensors κ with real coefficients such that
(i) κ is invertible,
(ii) κ is skewon-free,
(iii) κ is birefringent, that is, the Fresnel surface of κ is the union of two distinct
light cones for Lorentz metrics.
The first two assumptions imply that κ is essentially in one-to-one correspondence
with an area metric. Area metrics also appear when studying the propagation of
a photon in a vacuum with a first order correction from quantum electrodynam-
ics [DH80, SWW10]. The Einstein field equations have also been generalised into
equations where the unknown field is an area metric [PSW07]. For further exam-
ples, see [PSW09, SWW10] and for the differential geometry of area metrics, see
[SW06, PSW07]. For Maxwell’s equations, the interpretation of condition (iii) is
that differently polarised waves can propagate with different wave speeds. In such
medium one should expect that propagation of electromagnetic waves is determined
by null-geodesics of two Lorentz metrics. A typical example of such medium is a
uniaxial crystal For partial results describing when the Fresnel surface factorises,
see [RS11] and in 3 dimensions, see [Kac04, Dah06].
In Theorem 2.1 we show that there are only three medium classes with the above
properties and we give explicit expressions in local coordinates for each class. Of
these classes, the first is a generalisation of uniaxial medium and the last seems
to be unphysical; heuristic arguments suggest that Maxwell’s equations are not
hyperbolic in the last class.
The main idea of the proof is as follows. We will use the normal form theorem
for area metrics derived in [SWW10], which pointwise divides area metrics into 23
metaclasses and gives explicit expressions in local coordinates for each metaclass.
This result was also used in [FB11], and by [SWW10] we only need to consider the
first 7 metaclasses. For each of these metaclasses, the Fresnel surface can be written
as F |p = {ξ ∈ R4 : f(ξ) = 0} for a homogeneous 4th order polynomial f : R4 → R
with coefficients determined by κ|p. Since κ|p is birefringent, f factorises as
f(ξ) = f+(ξ)f−(ξ), ξ ∈ R4
into homogeneous 2nd order polynomials f± : R4 → R. By identifying coefficients
we obtain a system of polynomial equations in coefficients of f and f±. In the
last step we eliminate the coefficients in f± from these equations whence we obtain
constraints on f (and hence on κ) that much be satisfied when κ is birefringent.
To eliminate variables we use the technique of Gro¨bner bases, which was also used
in [Dah11a].
A limitation of Theorem 2.1 is that the explicit expression is only valid at a point.
The reason for this is that the decomposition in [SWW10] essentially relies on the
Jordan normal form theorem for matrices, which is unstable under perturbations.
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Another limitation is that we do not allow for complex coefficients in κ. Therefore
mediums like chiral medium are not included in the mediums in Theorem 2.1.
This paper relies on computations by computer algebra. For information about the
Mathematica notebooks for these computations, please see the author’s homepage.
1. Maxwell’s equations
By a manifold M we mean a second countable topological Hausdorff space that
is locally homeomorphic to Rn with C∞-smooth transition maps. All objects are
assumed to be smooth and real where defined. Let TM and T ∗M be the tangent
and cotangent bundles, respectively. For k ≥ 1, let Λk(M) be the set of antisym-
metric k-covectors, so that Λ1(N) = T ∗N . Also, let Ωkl (M) be
(
k
l
)
-tensors that
are antisymmetric in their k upper indices and l lower indices. In particular, let
Ωk(M) be the set of k-forms. Let C∞(M) be the set of functions. The Einstein
summing convention is used throughout. When writing tensors in local coordinates
we assume that the components satisfy the same symmetries as the tensor.
1.1. Maxwell’s equations on a 4-manifold. On a 4-manifold N , Maxwell’s
equations read
dF = 0,(1)
dG = j,(2)
where d is the exterior derivative on N , F,G ∈ Ω2(N) are the electromagnetic field
variables, and j ∈ Ω3(N) is the source term. By an electromagnetic medium on N
we mean a map
κ : Ω2(N) → Ω2(N).
We then say that 2-forms F,G ∈ Ω2(N) solve Maxwell’s equations in medium κ if
F and G satisfy equations (1)–(2) and
G = κ(F ).(3)
Equation (3) is known as the constitutive equation. If κ is invertible, it follows
that one can eliminate half of the free variables in Maxwell’s equations (1)–(2). We
assume that κ is linear and determined pointwise so that we can represent κ by an
antisymmetric
(
2
2
)
-tensor κ ∈ Ω22(N). If in coordinates {xi}3i=0 for N we have
κ =
1
2
κijlmdx
l ⊗ dxm ⊗ ∂
∂xi
⊗ ∂
∂xj
(4)
and F = Fijdx
i ⊗ dxj and G = Gijdxi ⊗ dxj , then constitutive equation (3) reads
Gij =
1
2
κrsij Frs.(5)
Then at each point on N , a general antisymmetric
(
2
2
)
-tensor κ depends on 36 free
real components. In the main result of this paper (Theorem 2.1) we will assume
that κ is skewon-free, that is, κ(u) ∧ v = u ∧ κ(v) for all u, v ∈ Ω22(N) whence
κ has only 21 free components. Physically, such medium describe non-dissipative
medium; if κ is time-independent, then Poynting’s theorem holds under suitable
assumptions [Dah10, Proposition 3.3]. Let us also note that if N is orientable, then
invertible skewon-free mediums are essentially in a one-to-one correspondence with
area metrics. See [SWW10] and [Dah11b, Proposition 2.4]. The medium is called
axion-free if traceκ = 0 [HO03].
By a pseudo-Riemann metric on a manifold M we mean a symmetric
(
0
2
)
-tensor g
that is non-degenerate. If M is not connected we also assume that g has constant
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signature. By a Lorentz metric we mean a pseudo-Riemann metric on a 4-manifold
with signature (−+++) or (+−−−). The light cone of a Lorentz metric is defined
as
N(g) = {ξ ∈ T ∗p (N) : g(ξ, ξ) = 0}.
For p ∈ N we define Np(g) = N(g) ∩ T ∗p (N).
If g is a pseudo-Riemann metric on a orientable 4-manifold N , then the Hodge
operator of g induces a skewon-free
(
2
2
)
-tensor that we denote by κ = ∗g. Moreover,
if locally g = gijdx
i ⊗ dxj , and κ is written as in equation (4), then
κijrs =
√
|g|giagjbεabrs,(6)
where det g = det gij , g
ij is the ijth entry of (gij)
−1, and εl1···ln is the Levi-Civita
permutation symbol. We treat εl1···ln as a purely combinatorial object (and not as
a tensor density). Let also εl1···l4 = εl1···l4 .
1.2. Representing κ as a 6× 6 matrix. Let O be the ordered set of index pairs
{01, 02, 03, 23, 31, 12}. If I ∈ O, we denote the individual indices by I1 and I2. Say,
if I = 31 then I2 = 1.
If {xi}3i=0 are local coordinates for a 4-manifold N , and J ∈ O we define dxJ =
dxJ1 ∧ dxJ2 . A basis for Ω2(N) is given by {dxJ : J ∈ O}, that is,
{dx0 ∧ dx1, dx0 ∧ dx2, dx0 ∧ dx3, dx2 ∧ dx3, dx3 ∧ dx1, dx1 ∧ dx2}.(7)
This choice of basis follows [HO03, Section A.1.10] and [FB11]. If κ ∈ Ω22(N) is
written as in equation (4) and J ∈ O, then
κ(dxJ) =
∑
I∈O
κJI dx
I , J ∈ O,(8)
where κJI = κ
J1J2
I1I2
. We will always use capital letters I, J,K, . . . to denote elements
in O. Let b be the natural bijection b : O → {1, . . . , 6}. Then we identify coefficients
{κJI : I, J ∈ O} for κ with the 6 × 6 matrix A = (κJI )IJ defined as κJI = Ab(I)b(J)
for I, J ∈ O [Dah11b].
1.3. Fresnel surface. Let κ ∈ Ω22(N) on a 4-manifold N . If κ is locally given by
equation (4) in coordinates {xi}3i=0, let
G ijkl0 =
1
48
κa1a2b1b2 κ
a3i
b3b4
κa4jb5b6ε
b1b2b5kεb3b4b6lεa1a2a3a4 .
In overlapping coordinates {x˜i}3i=0, these coefficients transform as
G˜ ijkl0 = det
(
∂xr
∂x˜s
)
G abcd0
∂x˜i
∂xa
∂x˜j
∂xb
∂x˜k
∂xc
∂x˜l
∂xd
,(9)
and components G ijkl0 define a tensor density G0 on N of weight 1. The Tamm-
Rubilar tensor density is the symmetric part of G0 and we denote this tensor density
by G [Rub02, HO03, Dah11a]. In coordinates, G ijkl = G
(ijkl)
0 , where parenthesis
indicate that indices ijkl are symmetrised with scaling 1/4!. Using tensor density
G , the Fresnel surface at a point p ∈ N is defined as
F |p = {ξ ∈ Λ1p(N) : G ijklξiξjξkξl = 0}.(10)
The Fresnel surface is a fundamental object when studying wave propagation in
Maxwell’s equations. It is clear that in each cotangent space, the Fresnel surface
F |p is a fourth order polynomial surface, so it can have multiple sheets and sin-
gular points. There are various ways to derive the Fresnel surface; by studying
a propagating weak singularity [OFR00, Rub02, HO03], using a geometric optics
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[Iti09, Dah11a], or as the characteristic polynomial of the full Maxwell’s equations
[SWW10]. Classically, the Fresnel surface can be seen as the dispersion equation
for a medium, so that it constrains possible wave speed(s) as a function of direction.
If κ = f∗g for a Lorentz metric g and a non-zero function f ∈ C∞(N), then the
Fresnel surface is the light cone of g. The converse is also true (assuming that κ is
skewon-free and axion-free) [HO03, FB11, Dah11a]. The medium given by κ = f∗g
is known as non-birefringent medium. For such medium propagation speed does
not depend on polarisation.
Definition 1.1. Suppose N is a 4-manifold, κ ∈ Ω22(N) and F is the Fresnel
surface for κ. If p ∈ N we say that F |p decomposes into a double light cone if there
exists Lorentz metrics g+ and g− defined in a neighbourhood of p such that
F |p = Np(g+) ∪ Np(g−)(11)
and Np(g+) 6= Np(g−). We then also say that κ|P is birefringent.
We know that two Lorentz metrics are conformally related if and only if they have
the same light cones [Ehr91]. The condition Np(g+) 6= Np(g−) thus only exclude
non-birefringent mediums, which for skewon-free mediums are well understood (see
above). WhenF |p decompose into a double light cone as in Definition 1.1 a physical
interpretation is that the medium is birefringent. That is, differently polarised elec-
tromagnetic waves can propagate with different wave speeds. Common examples
of such mediums are uniaxial crystals like calcite [BW80, Section 15.3].
To prove of the next four propositions we will need some terminology from al-
gebraic geometry. If k = R or k = C, we denote by k[x1, . . . , xn] the ring of
polynomials kn → k in variables x1, . . . , xn. Moreover, a non-constant polynomial
f ∈ k[x1, . . . , xn] is irreducible if f = uv for u, v ∈ k[x1, . . . , xn] implies that u or v
is a constant. For a polynomial r ∈ k[x1, . . . , xn], let V (r) = {x ∈ kn : r(x) = 0}
be the variety induced by r, and let 〈r〉 = {fr : f ∈ k[x1, . . . , xn]} be the the
ideal generated by r. For what follows the necessary theory for manipulating these
objects can, for example, be found in [CLO92].
The next proposition can be seen as a reformulation of the Brill equations that
characterise when a homogeneous polynomial factorises into linear forms [Bri10].
Proposition 1.2. Suppose Q ∈ C4×4 is a symmetric non-zero matrix and f ∈
C[ξ0, . . . , ξ3] is the polynomial f(ξ) = ξt ·Q · ξ for ξ = (ξ0, . . . , ξ3) ∈ C4. Then f is
irreducible in C[ξ0, . . . , ξ3] if and only if adjQ 6= 0.
In Proposition 1.2, adjQ is the adjugate matrix of all cofactor expansions of Q, and
ξt is the matrix transpose.
Proof. The result follows from the following three facts: First, if f = uv for poly-
nomials u, v ∈ C[ξ0, . . . , ξ3] then u and v are linear. (To see this, we know that
Q(0) = 0, so we may assume that u(0) = 0. For a contradiction, suppose that
v(0) 6= 0. Then df |0 = 0 implies that du|0 = 0, but then u = 0, so Q = 0.) Second,
by [Bri10, Example 2] polynomial f is a product of linear forms or f has a multi-
ple factor if and only if Gf (ξ, η, ζ) = 0 for all ξ, η, ζ ∈ C4. Here Gf is the Gaeta
covariant defined as
Gf (ξ, η, ζ) = −1
2
det
 2f(ξ) (Df)ξ(η) (Df)ξ(ζ)(Df)ξ(η) 2f(η) (Df)η(ζ)
(Df)ξ(ζ) (Df)η(ζ) 2f(ζ)
 ,
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and (Df)a(b) =
d
dt (f(a+ tb))|t=0 is the directional derivative. Third, by computer
algebra we have adjQ = 0 if and only if Gf = 0. 
In [Mon07] it is proven that the light cone of a Lorentz metric can not contain a
vector subspace of dimension ≥ 2. The next proposition generalise this result to
double light cones. In the proof of Theorem 2.1 we will use this result to show
that medium tensors in the last 16 metaclasses in the classification of [SWW10]
can not decompose into a double light cone. In [SWW10] this property was used
to show that these last metaclasses are neither hyperbolic, so in these metaclasses,
Maxwell’s equations are not well-posed.
Proposition 1.3. Suppose g± are Lorentz metrics on a 4-manifold N . If Γ ⊂ TpN
is a non-empty vector subspace such that Γ ⊂ N(g+) ∪N(g−), then dim Γ ≤ 1.
Proof. We may assume that dim Γ ≥ 1. Let us first prove the result in the spe-
cial case that g+ and g− are conformally related (after [Mon07, Proposition 2]).
Let {xi}3i=0 be coordinates around p such that g+|p = ±diag(−1, 1, 1, 1), whence
we can identify TpM and R ⊕ R3. Let pi be the Cartesian projection onto the
first component. Then the restriction pi|Γ : Γ → R satisfies kerpi|Γ = {0} and
dim rangepi|Γ = 1, and the claim follows.
For general g+ and g− let us show that dim Γ ≥ 2 leads to a contradiction. If
dim Γ ≥ 2, we can find linearly independent u, v ∈ Γ such that span{u, v} ⊂
N(g+) ∪N(g−). We may further assume that u ∈ N(g+). Let
U = {θ ∈ R : cos θu+ sin θv 6∈ N(g−)}.
For w ∈ T ∗N let us write ‖w‖2 = g+(w,w). If U is empty, then span{u, v} ⊂ N(g−)
and the result follows from the special case. Otherwise there exists a θ0 ∈ U so
that ‖ cos θu+ sin θv‖2 = 0 for all θ in some neighbourhood I0 3 θ0. Differentiating
gives
1
2
(‖v‖2 − ‖u‖2) · sin 2θ + g+(u, v) · cos 2θ = 0, θ ∈ I0.
By computing the Wronskian of sin 2θ, cos 2θ, it follows that 0 = ‖u‖2 = ‖v‖2 and
g+(u, v) = 0. Thus span{u, v} ⊂ N(g+), but this contradicts the special case. 
The next proposition gives the pointwise description of the Tamm-Rubilar tensor
density at points p ∈ N where the the Fresnel surface decomposes into a double
light cone. Let us emphasize that the result is pointwise. For example, in equation
(12) the two sides have different transformation rules.
Proposition 1.4. Suppose N is a 4-manifold, κ ∈ Ω22(N), and the Fresnel surface
of κ decomposes into a double light cone at p ∈ N . If {xi}3i=0 are coordinates
around p and G ijkl and g± = g± ijdxi ⊗ dxj are as in Definition 1.1, then
G ijklξiξjξkξl = C (g
ij
+ξiξj) (g
kl
− ξkξl) at p, {ξi}3i=0 ∈ R4,(12)
for some C ∈ R\{0}.
Proof. Let f±, γ : C4 → C be polynomials f±(ξ) = gij±ξiξj and γ(ξ) = G ijklξiξjξkξl
for ξ = (ξi)
3
i=0 ∈ C4. For ideals I± = 〈f±〉 we then have 〈f+f−〉 = I+ ∩ I− whence
equation (11) implies that V (〈γ〉) = V (I+ ∩ I−) and passing to ideals gives
I(V (〈γ〉)) = I(V (I+ ∩ I−)).
The Strong Nullstellensatz implies that [CLO92, p. 175]
〈γ〉 ⊂
√
I+ ∩
√
I−,
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where
√
I be the radical of an ideal I and we used identities
√
I ∩ J = √I ∩ √J
and I ⊂ √I valid for any ideals I and J [CLO92, Proposition 16 in Section 4.3].
By Proposition 1.2, f± are irreducible polynomials, so I± are prime ideals and
I± =
√
I±. Thus
〈γ〉 ⊂ 〈f+f−〉
and γ = pf+f− for some polynomial p : C4 → C. Computing the polynomial degree
of both sides implies that p is a non-zero constant p = C ∈ C. By Proposition 1.3,
we can find a ξ ∈ R4 so that ξ 6∈ V (f+) ∪ V (f−) = V (γ) whence C ∈ R\{0}. 
For two Lorentz metrics g and h we know that their light cones N(g) and N(h)
coincide if and only if g and h are conformally related [Ehr91]. The next proposition
gives an analogous uniqueness result for Fresnel surfaces that decompose into a
double light cone.
Proposition 1.5. Suppose N is a 4-manifold, κ ∈ Ω22(N) and the Fresnel surface
of κ decomposes into a double light cone at p ∈ N . Suppose furthermore that
equation (11) holds for Lorentz metrics g± and for Lorentz metrics h±. Then there
exists constants C± ∈ R\{0} such that exactly one of the following conditions hold:
g± = C± h± at p or g∓ = C± h± at p.
Proof. The result follows by Propositions 1.2 and 1.4 and since any polynomial
has a unique decomposition into irreducible factors [CLO92, Theorem 5 in Section
3.5]. 
The next example shows that unique decomposition is not true when F only de-
compose into second order surfaces.
Example 1.6. In coordinates {xi}3i=0 for R4, let κ be the skewon-free
(
2
2
)
-tensor
determined by the 6×6 matrix (κJI )IJ = diag(−1, 1, 0,−1, 1, 0). Then κ has Fresnel
surface
F = {ξ ∈ T ∗R4 : ξ0ξ1ξ2ξ3 = 0}.
It is clear that F has multiple factorisations into quadratic forms, and by Propo-
sition 1.3, F does not factorise into a double light cone. 2
2. Non-dissipative media with a double light cone
Theorem 2.1 below is the main result of this paper. To formulate the theorem we
first need some terminology. Suppose L : V → V is a linear map where V is a n-
dimensional real vector space. If the matrix representation of L in some basis is A ∈
Rn×n and A is written using the Jordan normal form we say that L has Segre type[
m1 · · ·mr k1k1 · · · ksks
]
when the blocks corresponding to real eigenvalues have
dimensions m1 ≤ · · · ≤ mr and the blocks corresponding to complex eigenvalues
have dimensions 2k1 ≤ · · · ≤ 2ks. Moreover, by uniqueness of the Jordan normal
form, the Segre type depends only on L and not on the basis. For a
(
2
2
)
-tensor
κ on a 4-manifold, we define the Segre type of κ|p as the Segre type of the linear
map Ω2(N)|p → Ω2(N)|p in basis (7). By counting how many ways a 6× 6 matrix
can be decomposed into Jordan normal forms, it follows that there are only 23
Segre types for a
(
2
2
)
-tensor. A main result of [SWW10] are simple normal forms
in local coordinates for each of these Segre types under the assumption that κ|p is
skewon-free and invertible. In the below proof we will use the restatement of this
result in [Dah11b].
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In the proof of Theorem 2.1 we will eliminate variables in systems of polynomial
equations. Suppose V ⊂ Cn is the solution set to polynomial equations f1 =
0, . . . , fN = 0 where fi ∈ C[x1, . . . , xn]. If I is the ideal generated by f1, . . . , fN ,
the elimination ideals are the polynomial ideals defined as
Ik = I ∩ C[xk+1, . . . , xn], k ∈ {0, . . . , n− 1}.
Thus, if (x1, . . . , xn) ∈ V then p(xk+1, . . . , xn) = 0 for any p ∈ Ik, and Ik contain
polynomial consequences of the original equations that only depend on variables
xk+1, . . . , xn. Using Gro¨bner basis, one can explicitly compute Ik [CLO92, Theorem
2 in Section 3.1]. In the proof of Theorem 2.1, we will use the built-in Mathematica
routine GroebnerBasis for such computations.
Theorem 2.1. Suppose N is a 4-manifold and κ ∈ Ω22(N). Furthermore, suppose
that at some p ∈ N
(i) κ|p has no skewon component,
(ii) κ|p is invertible as a linear map Λ2p(N)→ Λ2p(N),
(iii) the Fresnel surface F |p factorises into a double light cone.
Then κ|p must have Segre type [11 11 11], [22 11] or [11 11 11].
(i) Metaclass I: If κ|p has Segre type [11 11 11], there are coordinates {xi}3i=0
around p such that
(κJI )IJ =

α1 0 0 −β1 0 0
0 α2 0 0 −β2 0
0 0 α3 0 0 −β3
β1 0 0 α1 0 0
0 β2 0 0 α2 0
0 0 β3 0 0 α3
 .
for some for some α1, α2, α3 ∈ R and β1, β2, β3 > 0. For i ∈ {1, 2, 3} let
Di =
(αi′ − αi′′)2 + β2i′ + β2i′′
βi′βi′′
(13)
where i′ and i′′ are defined such that {i, i′, i′′} = {1, 2, 3} and i′ < i′′.
Then, for exactly one i ∈ {1, 2, 3} we have
Di = 2, Di′ = Di′′(14)
and equation (11) holds for Lorentz metrics
g± = diag
(
1,
1
2
(
−D1 ±
√
D21 − 4
)
,
1
2
(
−D2 ±
√
D22 − 4
)
,
1
2
(
−D3 ±
√
D23 − 4
))−1
.
(ii) Metaclass II: If κ|p has Segre type [22 11], If κ|p is in Metaclass II, there
are coordinates {xi}3i=0 around p such that
(κJI )IJ =

α1 −β1 0 0 0 0
β1 α1 0 0 0 0
0 0 α2 0 0 −β2
0 1 0 α1 β1 0
1 0 0 −β1 α1 0
0 0 β2 0 0 α2

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where α1, α2 ∈ R and β1 > 0. Then α1 = α2 and β1 = β2, and equation
(11) holds for Lorentz metrics
g± =

±1 0 0 β1
0 −β1 0 0
0 0 −β1 0
β1 0 0 0

−1
.
(iii) Metaclass IV: If κ|p has Segre type [11 11 11], there are coordinates
{xi}3i=0 around p such that
(κJI )IJ =

α1 0 0 −β1 0 0
0 α2 0 0 −β2 0
0 0 α3 0 0 α4
β1 0 0 α1 0 0
0 β2 0 0 α2 0
0 0 α4 0 0 α3

for some α1, α2, α3, α4 ∈ R and β1, β2 > 0. Then α1 = α2, β1 = β2,
α4 6= 0, α23 6= α24 and equation (11) holds for Lorentz metrics
g± = diag
(
1,
1
2
(
−D1 ±
√
D21 + 4
)
,
1
2
(
−D1 ±
√
D21 + 4
)
,−1
)−1
,
where
D1 =
(α2 − α3)2 + β22 − α24
β2α4
.(15)
Proof. Metaclass I. The local expression for κ|p is given by [Dah11a, Theorem
3.2]. Then the Tamm-Rubilar tensor density for κ|p satisfies
C−1 G ijklξiξjξkξl = ξ40 + ξ
4
1 + ξ
4
2 + ξ
4
3 −D0ξ0ξ1ξ2ξ3(16)
+
3∑
i=1
Di(ξ
2
i′ξ
2
i′′ − ξ20ξ2i ), ξ ∈ R4,
where C = β1β2β3 and D0 is given explicitly in terms of α1, . . . , β3, and implicitly
D0 satisfies
D20 = 4
(
4 +D1D2D3 −D21 −D22 −D23
)
.(17)
By Proposition 1.4, there are real symmetric matrices A = (Aij)3i,j=0 and B =
(Bij)3i,j=0 such that
C−1 G ijklξiξjξkξl =
(
ξt ·A · ξ) (ξt ·B · ξ) , ξ ∈ R4.(18)
Writing out these equations shows that A00B00 = 1. Hence A00 is non-zero, and
by rescaling A and B, we may assume that A00 = 1. This substitution simplifies
the equations so that by polynomial substitutions we may eliminate all variables
in B and variable D0. This results in a system of polynomial equations that only
involve D1, D2, D3 and the variables in A. Further eliminating the variables in A
using a Gro¨bner basis, gives constraints on D1, D2, D3. By equation (13) we know
that D1, D2, D3 ≥ 2, whence these constraints imply that there exists a unique
i ∈ {1, 2, 3} such that conditions (14) hold. (To see that i is unique it suffices to note
that if Di = Dj = 2 for i 6= j then D1 = D2 = D3 = 2 whence D0 = 0 and equation
(18) holds for the single light cone A = B = g−10 with g0 = diag{−1, 1, 1, 1}.
By Proposition 1.4 and unique decomposition into irreducible factors this gives a
contradiction.) Equations (14) and (17) imply that D0 = 0. The result follows
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since equation (18) holds with A = g−1+ and B = g
−1
− , where g± are the matrices
in the theorem formulation.
Metaclass II. As in Metaclass I, there are matrices A and B such that the Fresnel
polynomial satisfies equation (18) (with C = 1). As in Metaclass I we can eliminate
variables in B. Further eliminating all variables in A by a Gro¨bner basis implies
that α1 = α2 and β1 = β2. Then a a direct computation shows that equation (18)
holds with A = g−1+ , B = g
−1
− and C = β1. Computer algebra shows that g± have
Lorentz signatures.
Metaclass III. If κ|p is in Metaclass III, there are coordinates {xi}3i=0 around p
such that
(κJI )IJ =

α1 −β1 0 0 0 0
β1 α1 0 0 0 0
1 0 α1 0 0 −β1
0 0 0 α1 β1 1
0 0 1 −β1 α1 0
0 1 β1 0 0 α1

where α1 ∈ R and β1 > 0. Decomposing the Fresnel polynomial as in equation (18)
(with C = 1) gives a system of polynomial equations for the variables in A, B and
κ|p. Computing the Gro¨bner basis for these equations implies that β1 = 0. Thus
κ|p can not be in Metaclass III.
Metaclass IV. Let us first note that α4 6= 0 since otherwise span{dx1|p, dx2|p} ⊂
F |p which is not possible by Proposition 1.3. Then the Tamm-Rubilar tensor
density satisfies
C−1 G ijklξiξjξkξl = ξ40 − ξ41 − ξ42 + ξ43 +D0ξ0ξ1ξ2ξ3
+D1(ξ
2
2ξ
2
3 − ξ20ξ21) +D2(ξ21ξ23 − ξ20ξ22) +D3(−ξ21ξ22 − ξ20ξ23),
where C = β1β2α4, D0 is determined explicitly in terms of α1, . . . , β2, D1 is defined
in equation (15), D3 ≥ 2 is defined in equation (13) and
D2 =
(α1 − α3)2 + β21 − α24
β1α4
.
By decomposing and eliminating variables as in Metaclass I, it follows that that
D0 = 0 and D3 = 2. Thus we have proven that α1 = α2 and β1 = β2 whence D1 =
D2 and equation (18) holds with A = g
−1
+ , B = g
−1
− and C as above. Moreover, g±
both have Lorentz signatures. Condition α23 6= α24 follows since detκ|p 6= 0.
Metaclass V. If κ|p is in Metaclass V, there are coordinates {xi}3i=0 around p such
that
(κJI )IJ =

α1 −β1 0 0 0 0
β1 α1 0 0 0 0
0 0 α2 0 0 α3
0 1 0 α1 β1 0
1 0 0 −β1 α1 0
0 0 α3 0 0 α2

where α1, α2, α3 ∈ R and β1 > 0. We may assume that α3 6= 0, since otherwise
span{dxi|p}3i=1 ⊂ F |p. Decomposing and eliminating variables as in Metaclass I
gives that β1 is purely complex. Thus κ|p can not be in Metaclass V.
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Metaclass VI. If κ|p is in Metaclass VI, there are coordinates {xi}3i=0 around p
such that
(κJI )IJ =

α1 0 0 −β1 0 0
0 α2 0 0 α4 0
0 0 α3 0 0 α5
β1 0 0 α1 0 0
0 α4 0 0 α2 0
0 0 α5 0 0 α3

for some α1, . . . , α5 ∈ R and β1 > 0. We may assume that α4 and α5 are non-zero
since otherwise span{dxi, dx2} ⊂ F |p for some i ∈ {0, 1} as in Metaclass IV. Then
the Tamm-Rubilar tensor density satisfies
C−1 G ijklξiξjξkξl = ξ40 + ξ
4
1 − ξ42 − ξ43 +D0ξ0ξ1ξ2ξ3
+D1(ξ
2
2ξ
2
3 − ξ20ξ21)−D2(ξ21ξ23 + ξ20ξ22)−D3(ξ21ξ22 + ξ20ξ23),
where C = β1α4α5 and D0, D1, D2, D3 ∈ R are defined in terms of αi and β1. By
decomposing the Fresnel tensor as in equation (18) and eliminating variables using
a Gro¨bner basis, it follows that there exists a σ ∈ {±1} such that
D0 = 0, D1 = σ2, D2 = −σD3,
and moreover, equation (18) holds for A = g−1+ , B = g
−1
− and C as above, where
g± = diag
(
1,−σ, 1
2
(
σD3 ±
√
D23 + 4
)
,
1
2
(
−D3 ∓ σ
√
D23 + 4
))−1
.
Since g+ does not have a Lorentz signature for any σ ∈ {±1} and D3 ∈ R, Propo-
sition 1.4 and unique factorisation imply that κ|p can not be in Metaclass VI.
Metaclass VII. If κ|p is in Metaclass VII, there are coordinates {xi}3i=0 around p
such that
(κJI )IJ =

α1 0 0 α4 0 0
0 α2 0 0 α5 0
0 0 α3 0 0 α6
α4 0 0 α1 0 0
0 α5 0 0 α2 0
0 0 α6 0 0 α3

for some α1, . . . , α6 ∈ R. We may assume that α4, α5, α6 6= 0 since otherwise
span{dxi|p, dxj |p} ⊂ F |p for some i, j ∈ {0, 1, 2} as in Metaclass IV. Then the
Tamm-Rubilar tensor density satisfies
C−1 G ijklξiξjξkξl = ξ40 + ξ
4
1 + ξ
4
2 + ξ
4
3 +D0ξ0ξ1ξ2ξ3 −
3∑
i=1
Di(ξ
2
i′ξ
2
i′′ + ξ
2
0ξ
2
i ),
where C = α4α5α6, constants D1, D2, D3 ∈ R are given by
D1 =
(α2 − α3)2 − α25 − α26
α5α6
,(19)
D2 =
(α1 − α3)2 − α24 − α26
α4α6
,(20)
D3 =
(α1 − α2)2 − α24 − α25
α4α5
,(21)
and D0 ∈ R is given explicitly in terms of α1, . . . , β3, and implicitly D0 satisfies
D20 = 4
(−4 +D1D2D3 +D21 +D22 +D23) .(22)
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Decomposing the Tamm-Rubilar tensor density as in equation (18) and eliminating
variables using a Gro¨bner basis, gives polynomial equations for D0, D1, D2, D3. Let
us consider the cases D0 = 0 and D0 6= 0 separately. If D0 = 0, there exists an
i ∈ {1, 2, 3} and a σ ∈ {±1} such that
D0 = 0, Di = −σ2, Di′ = σDi′′ ,(23)
where the last condition is a consequence of equation (22). Suppose i = 1. Then
Proposition 1.4 implies that for some invertible symmetric matrices A,B ∈ R4×4
with Lorentz signatures we have
(
ξt ·A · ξ) (ξt ·B · ξ) = (ξt · L+ · ξ) (ξt · L− · ξ) , ξ ∈ C4,(24)
where matrices L± ∈ C4×4 are defined as
L± = diag
(
1, σ,
1
2
(
−D2 ±
√
D22 − 4
)
,
σ
2
(
−D2 ±
√
D22 − 4
))
.(25)
Since L± are invertible, equation (24), Proposition 1.2 and unique factorisation
imply that L± are real and have Lorentz signatures. Thus |D2| ≥ 2 and detL± < 0,
but this contradicts equation (25), which implies that
detL± =
1
4
(
−D2 ±
√
D22 − 4
)2
> 0.
A similar analysis for i = 2, 3 shows that the case D0 = 0 is not possible. If D0 6= 0
it follows that there exists σ1, σ2, σ3 ∈ {±1} and distinct i, j, k ∈ {1, 2, 3} such that
D0 6= 0, Di = σ12, Dj = σ22, Dk = 1
2
(−4σ1σ2 + σ3D0) ,(26)
where the last equation follows from equation (22). If (i, j) = (1, 2) then k = 3 and
Proposition 1.4 implies that for some invertible symmetric matrices A,B ∈ R4×4
with Lorentz signatures, equation (24) holds for matrices L± ∈ C4×4 defined as
L± =

1 0 0 ±
√
D0√
8
√
σ3
0 −σ1 ∓
√
D0
√
σ3√
8
0
0 ∓
√
D0
√
σ3√
8
−σ2 0
±
√
D0√
8
√
σ3
0 0 σ1σ2
 .(27)
Since both sides in equation (24) should decompose into the same number of ir-
reducible factors, it follows that ξt · L± · ξ are irreducible in C[ξ0, . . . , ξ3]. Thus
equation (24) and unique factorisation imply that L± are real and have Lorentz
signatures, so detL± < 0. However, this contradicts equation (27) which implies
that
detL± =
(
1
8
D0 − σ1σ2σ3
)2
≥ 0.
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The cases (i, j) = (1, 3), (2, 3) are excluded by the same argument by using metrics
L± =

1 0 ±
√
D0
√
σ3√
8
0
0 −σ1 0 ∓
√
D0√
8
√
σ3
±
√
D0
√
σ3√
8
0 σ1σ2 0
0 ∓
√
D0√
8
√
σ3
0 −σ2
 ,
L± =

1 ±
√
D0√
8
√
σ3
0 0
±
√
D0√
8
√
σ3
σ1σ2 0 0
0 0 −σ1 ∓
√
D0
√
σ3√
8
0 0 ∓
√
D0
√
σ3√
8
−σ2
 ,
respectively. Thus κ|p can not be in metaclasses VII.
Metaclasses VIII—XXIII. (Following [SWW10, Lemma 5.1].) Let A = (κJI )IJ
be the 6 × 6 matrix that represents κ|p in some coordinates {xi}3i=0 around p.
Then the Jordan normal form of A has a block of dimension d ∈ {2, . . . , 6} that
corresponds to a real eigenvalue λ ∈ R\{0}. By considering unit vectors in the
normal basis, we can find non-zero e1, e2 ∈ Λ2(N)|p so that κ(e1) = λe1 and
κ(e2) = λe2 + e1. Writing out κ(e1) ∧ e2 = e1 ∧ κ(e2) implies that e1 ∧ e1 = 0, so
e1 = η1 ∧ η2 for some linearly independent η1, η2 ∈ Λ1(N)|p [Coh05, p. 184]. Let
W = span{η1, η2}. For all ξ ∈W we then have
W ⊂ {α ∈ Λ1(N)|p : ξ ∧ κ(ξ ∧ α) = 0},
whence Theorem 3.3 in [Dah11a] implies that W ⊂ F |p and Proposition 1.3 implies
that κ|p can not be in metaclasses VIII-XXIII. 
In the proof of Theorem 2.1 the assumption that κ is invertible is only used to
show that α23 6= α24 in Metaclass IV and to exclude Metaclasses VIII—XXIII. It
would be interesting to see if these last metaclasses can be excluded also for non-
invertible κ by other arguments. Regarding this question it should be emphasized
that here κ is real. For complex coefficients κ, the setting becomes more involved.
For example, in [Dah11a, Example 5.3] it is shows that for complex κ the Fresnel
surface can be a single light cone even if κ is not invertible. Also, chiral medium
would be an example of a medium with complex coefficients in κ and with a double
light cone. In chiral medium right and left hand circularly polarised plane waves
propagate with different wavespeeds. Let us note that if we set ξ0 = 0 in equation
(16) we obtain the ternary quartic studied in [Tho16] and for this polynomial, D20
in equation (17) is one of the factors in the discriminant.
Let us make some comments regarding the three mediums derived in Theorem 2.1.
A first observation is that for each Metaclass in Theorem 2.1, the light cones are
parameterised by only one parameter: Di′ = Di′′ ≥ 2 in Metaclass I, β1 > 0 in
Metaclass II, and D1 ∈ R in Metaclass IV. Let consider each metaclass under the
assumption that Theorem 2.1 holds.
Metaclass I. In Metaclass I we assume that conditions (14) holds for only one
i ∈ {1, 2, 3}. In terms of α1, . . . , β3 conditions (14) are equivalent to
αi′ = αi′′ , βi′ = βi′′ .
When α1 = α2 = α3 = 0 this medium reduces to a uniaxial medium, where wave
propagation is well understood.
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Let us also note that if Di = Dj = 2 for two distinct i, j ∈ {1, 2, 3}, then α1 = α2 =
α3 and β1 = β2 = β3. Then κ|p = −β1 ∗g +α1 Id for the locally defined Lorentz
metric g = diag(−1, 1, 1, 1) and the Fresnel surface is the single light cone
F |p = Np(g).
Metaclass II. For Metaclass II, the Fresnel polynomial G ijklξiξjξkξl is a function
of ξ0, ξ
2
1 + ξ
2
2 , ξ3. It is therefore motivated to project F |p onto ξ1 = 0, and we can
plot F |p as a surface in R3. Figure 1 show this projection for three different values
of β1. From the figures (or from metrics g±) we see that the light cones N(g±)
coincide in the limit β1 →∞.
Figure 1. Projection into R3 of Fresnel surfaces in Metaclass II
for β1 = 0.2 (left), β1 = 0.8 and β1 = 5 (right).
By a coordinate transformation we can put the local representation of κ|p into a
more symmetric form. Let {x˜i}3i=0 be coordinates defined as x˜i =
∑3
j=0 Lijx
j
where L = (Lij) is the Jacobian matrix
L =

0 0 12β1 (1− w) 12β1 (1 + w)
0 1 0 0
1 0 0 0
0 0 1 1

−1
,
where w =
√
1 + 4β21 . The motivation for these coordinates is that they diagonalize
g+. Then the 6× 6 matrix (κ˜JI )IJ that represents κ|p in {x˜i}3i=0 coordinates is
α1 Id +
1
w

0 0 0 β21 0 0
0 β1 −β1 0 β1(−1 + w) −β1
0 β1 −β1 0 −β1 −β1(1 + w)
−w2 0 0 0 0 0
0 −β1(1 + w) β1 0 β1 β1
0 β1 β1(−1 + w) 0 −β1 −β1
 .
2.1. Metaclass IV. For Metaclass IV, the Fresnel polynomial is also a function of
ξ0, ξ
2
1 + ξ
2
2 , ξ3. We may therefore visualize the Fresnel surface in the same way as
in Metaclass II. See Figure 2.
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Figure 2. Projection into R3 of Fresnel surfaces in Metaclass IV
for D1 = −25 (left), D1 = 0 and D1 = 25 (right).
Suppose α1 = α2 = α3 = 0. If we treat x
0 as time and {xi}3i=1 as space coordinates,
and write Maxwell’s equations using vector fields E,D,B,H, then κ|p represents
medium
D = −diag(β1, β1, α4) ·E,
B = −diag(β1, β1,−α4)−1 ·H.
For an electromagnetic medium to be physically relevant, the Fresnel polynomial
G ijklξiξjξkξl should be hyperbolic polynomial [SWW10]. This is a necessary con-
dition for Maxwell’s equations to form a predictive theory, that is, a necessary
condition for Maxwell’s equations to be solvable forward in time. The above 3D
projections and the argument in [SWW10] suggests that Metaclass II is hyperbolic
for all β1 > 0 while Metaclass IV is never hyperbolic for any D1 ∈ R. This is also
supported by some numerical tests.
Acknowledgements. The author gratefully appreciates financial support by the
Academy of Finland (project 13132527 and Centre of Excellence in Inverse Problems
Research), and by the Institute of Mathematics at Aalto University.
References
[Bri10] E. Briand, Covariants vanishing on totally decomposable forms, Liaison, Schottky
Problem and Invariant Theory (M.E. Alonso, E. Arrondo, R. Mallavibarrena, and
I. Sols, eds.), Progress in Mathematics, vol. 280, Birkha¨user Basel, 2010, pp. 237–256.
[BW80] M. Born and E. Wolf, Principles of optics, Cambridge University Press, 1980.
[CLO92] D. Cox, J. Little, and D. O’Shea, Ideals, varieties, and algorithms, Springer, 1992.
[Coh05] P. M. Cohn, Basic algebra: Groups, Rings, and Fields, Springer, 2005.
[Dah06] M. Dahl, Electromagnetic Gaussian beams using Riemannian geometry, Progress In
Electromagnetics Research 60 (2006), 265–291.
[Dah10] , Electromagnetic fields from contact- and symplectic geometry, preprint (2010).
[Dah11a] , Determining electromagnetic medium from the Fresnel surface, arXiv:
1103.3118 (2011).
[Dah11b] , A restatement of the normal form theorem for area metrics, preprint (2011).
[DH80] I.T. Drummond and S.J. Hathrell, QED vacuum polarization in a background gravi-
tational field and its effect on the velocity of photons, Physical Review D 22 (1980),
no. 2, 343–355.
[Ehr91] P. Ehrlich, Null cones and pseudo-Riemannian metrics, Semigroup forum 43 (1991),
no. 1, 337–343.
[FB11] A. Favaro and L. Bergamin, The non-birefringent limit of all linear, skewonless media
and its unique light-cone structure, Annalen der Physik 523 (2011), no. 5, 383–401.
[HO03] F.W. Hehl and Y.N. Obukhov, Foundations of classical electrodynamics: Charge, flux,
and metric, Progress in Mathematical Physics, Birkha¨user, 2003.
[Iti05] Y. Itin, Nonbirefringence conditions for spacetime, Physical Review D 72 (2005), no. 8,
087502.
16 DAHL
[Iti09] , On light propagation in premetric electrodynamics: the covariant dispersion
relation, Journal of Physics A: Mathematical and Theoretical 42 (2009), 475402.
[Kac04] A.P. Kachalov, Gaussian beams for Maxwell Equations on a manifold, Journal of Math-
ematical Sciences 122 (2004), no. 5, 3485–3501.
[LH04] C. La¨mmerzahl and F.W. Hehl, Riemannian light cone from vanishing birefringence
in premetric vacuum electrodynamics, Physical Review D 70 (2004), no. 10, 105022.
[Mon07] J. Montaldi, A note on the geometry of linear Hamiltonian systems of signature 0 in
R4, Differential Geometry and its Applications 25 (2007), no. 3, 344–350.
[OFR00] Y.N. Obukhov, T. Fukui, and G.F. Rubilar, Wave propagation in linear electrodynam-
ics, Physical Review D 62 (2000), no. 4, 044050.
[OH99] Y.N. Obukhov and F.W. Hehl, Spacetime metric from linear electrodynamics, Physics
Letters B 458 (1999), no. 4, 466–470.
[OR02] Y.N. Obukhov and G.F. Rubilar, Fresnel analysis of wave propagation in nonlinear
electrodynamics, Physical Review D 66 (2002), no. 2, 024042.
[PSW07] R. Punzi, F.P. Schuller, and M.N.R. Wohlfarth, Area metric gravity and accelerating
cosmology, Journal of High Energy Physics 02 030 (2007).
[PSW09] , Propagation of light in area metric backgrounds, Classical and Quantum Grav-
ity 26 (2009), 035024.
[RS11] S. Rivera and F.P. Schuller, Quantization of general linear electrodynamics, Physical
Review D 83 (2011), no. 6, 064036.
[Rub02] G.F. Rubilar, Linear pre-metric electrodynamics and deduction of the light cone, An-
nalen der Physik 11 (2002), no. 10–11, 717–782.
[SW06] F.P. Schuller and M.N.R. Wohlfarth, Geometry of manifolds with area metric: Multi-
metric backgrounds, Nuclear physics B 747 (2006), no. 3, 398–422.
[SWW10] F.P. Schuller, C. Witte, and M.N.R. Wohlfarth, Causal structure and algebraic classi-
fication of non-dissipative linear optical media, Annals of Physics 325 (2010), no. 9,
1853–1883.
[Tho16] H.I. Thomsen, Some invariants of the ternary quartic, American Journal of Mathe-
matics 38 (1916), no. 3, 249–258.
Matias Dahl, Aalto University, Mathematics, P.O. Box 11100, FI-00076 Aalto, Finland
URL: http://www.math.tkk.fi/~fdahl/
